We study the boundedness and compactness of Toeplitz operators Ta on Bergman spaces A p (D), 1 < p < ∞. The novelty is that we allow distributional symbols. It turns out that the belonging of the symbol to a weighted Sobolev space W −m,∞ ν (D) of negative order is sufficient for the boundedness of Ta. We show the natural relation of the hyperbolic geometry of the disc and the order of the distribution. A corresponding sufficient condition for the compactness is also derived.
Introduction
The aim of this work is to find a general class of distributions a on the unit disc D of the complex plane C, such that a Toeplitz operator with symbol a becomes well defined and bounded on (reflexive) Bergman spaces. We provide a sufficient condition for boundedness, which involves a natural connection of the order or singularity of the distribution on one hand, and of the hyperbolic geometry of D on the other. Roughly, if the symbol a is a kth-order distributional derivative of a bounded function b : D → C, then the function b(z)ν(z) −k := b(z)(1 − |z| 2 ) −k should be bounded (Theorem 3.1). More precisely, the sufficient condition is expressed in terms of a belonging to a weighted Sobolev space (see Definition 2.3). The corresponding sufficient condition for compactness is given in Theorem 4.2.
Consider the space L p := L p (D), 1 p ∞, defined using the normalized area measure dA on D and the Bergman space A p , which is the closed subspace of L p consisting of analytic functions. The Bergman projection P is the orthogonal projection of L 2 onto A 2 , and it has the integral representation 
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It is also known to be a bounded projection of L p onto A p when 1 < p < ∞. For an integrable function a : D → C and, say, bounded analytic functions f , the Toeplitz operator T a with symbol a is defined by setting
Since P is bounded, it easily follows that T a extends to a bounded operator A p → A p for 1 < p < ∞, whenever a is a bounded measurable function. A more general sufficient condition for the boundedness of T a was recently given in [9] . The condition is a rather weak requirement of the boundedness of certain 'averages' of a over hyperbolic rectangles [9, Theorem 2.3] .
As for distributional symbols, if a is a compactly supported distribution on D, one can directly define the corresponding Toeplitz operator by
where ·, · ζ denotes the dual pairing of the test function and distribution spaces and the test function is considered as a function of the variable ζ, with z being a parameter. However, this definition is not satisfactorily general, since L 1 -functions that are compactly supported distributions are also compactly supported as functions. Below we give a more general definition for distributional symbols, the supports of which do not have any artificial restrictions, and the order of which may be arbitrary, though finite.
Obviously, our sufficient condition for boundedness seems quite different from the one in [9] , although both conditions are related to the hyperbolic geometry. The exact relation of both conditions remains an open problem; the same holds, of course, for the problem of how close any of the conditions is to also being necessary.
For an account of recent developments in the study of boundedness of Toeplitz operators, see [7] . Distribution symbols were used in [2] , but for different purposes than in the present work. Other related works are [3] , [5] , [8] (for the case p = 1), [11] , [12] and [14] (see also the references in [7, 10] ).
Notation and terminology
We follow the definitions and terminology used in [4, 6] for general theory of distributions. For Sobolev spaces, we refer the reader to [1] . For operator theory and analytic function spaces, in particular Bergman spaces, see [13] . By C, C , C 1 , c, etc. (respectively, C n , etc.), we denote positive constants independent of functions, variables or indices occurring in the given calculations (respectively, depending only on n). These may vary from place to place, but not in the same group of inequalities. For the norm of an element f of a Banach function space X we use the notation f ; X . 
if f is a function of z = x + iy, where x, y ∈ R, and α is a multi-index. The same notation is used for both classical and distributional derivatives. We also write D α ζ f if it is necessary to indicate the same differentiation of a function f with respect to its variable ζ. For an analytic function f , we denote by f (l) the lth derivative with respect to z ∈ C for all l ∈ N.
Weighted Sobolev spaces
We define the standard weight function ν :
Given m ∈ N, we denote by W However, the following fact holds in the weighted case. The result is known, but we sketch the proof for the convenience of the reader. . To this end, note that it is possible to define a sequence of radial cut-off functions
χ n (r) 1 for all 0 r < 1, χ n (r) = 1 for 0 r 1 − 3/n, χ n (r) = 0 for 1 − 1/n r 1, and such that, for all k ∈ N,
for all 0 < r < 1. In fact, we can define χ n as the usual convolution ). The other terms in (2.2) have similar or easier estimates, which proves the lemma for m = 1.
The idea for the higher m is similar: the higher powers of ν in (2.2) cancel out the growth of higher derivatives in (2.3).
As a consequence of this, it is possible to describe the dual space. 
where
i.e.
Here every b α is considered as a distribution like a locally integrable function, and the identity (2.6) contains distributional derivatives.
Given such an a, the representation (2.6) is not unique in general. Hence, we define the norm of a by
where the infimum is taken over all representations (2.6). Proof . First, define the Banach space products
Lemma 2.4. The dual of W m,1 ν is isometrically isomorphic to W −m,∞ ν with respect to the dual pairing
which have the norms
where and the dual norm of X * coincides with the norm of Y . This is well known, but it can also be proven following the argument of [1, (3 .7)].
Next we claim that, for every element L in the dual space (W m,1 ν
. Moreover, L; X * = inf g; Y , where the infimum is taken over all g = (g α ) such that the above identity holds.
The proof of these facts follows that of [1, Theorem 3.8] . First, the operator P :
We denote byL the HahnBanach extension of L * to all of X and, using the above described duality, we find a 
where the derivatives are distributional and g α is the distribution
for the test functions ϕ. This follows directly by applying (2.14) and (2.15) to an arbitrary test function. Finally, by Lemma 2.2, the extension of (2.15) to W m,1 ν is unique (for details of this argument, see the proof of Theorem 3.9 of [1] ). The correspondence of L and this unique extension of T establish the statement of the lemma.
Remark 2.5. Let a ∈ W
−m,∞ ν be given. Although the representation (2.6) is not unique, the value of the expression on the right-hand side of (2.10) is. This follows from the duality theory presented above.
Boundedness of Toeplitz operators with distributional symbols
In what follows, a is a distribution on D having a finite order. Assuming a belongs to a weighted Sobolev space described in the previous section, we give the definition of a Toeplitz operator with symbol a, and prove its boundedness on reflexive Bergman spaces. We remark that this result can be applied, for example, to all compactly supported distributions, but since such distributions actually determine compact operators, this case is only considered in the next section. 
is well defined and bounded
resulting operator is independent of the choice of the representation (2.6). Moreover, there is a constant
Proof . To prove the boundedness, let us fix a representation (2.6) such that 
of the variable ζ belongs to the Sobolev space W m,1 ν
. But this follows from the previously cited result that |f 
